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Exercise Sheet 4

Exercise 1 (4 Points)
The following exercise is about a version of Borel-Cantelli’s lemma: Let (2, F,P)
be a probability space and (A, )ueny C F with

n—oo

lim P(A,) =0 and Y P(A;NA,) < oo.
n=1

Prove that P (limsup,,_,., A,) = 0.

Exercise 2 (4 Points)

(a) Show that a family of sets (A;);cs is independent if and only if the family
of random variables (1{4,})ier is.

(b) Let X and Y be independent and exponentially distributed random varia-
bles with parameters 6 > 0 and A > 0, respectively. Prove that

Exercise 3 (4 Points)
Let (Q, F,P) be a probability space and let X = 32 a, 14, andY =37 b5,
with a,,b, > 0 and A,,, B,, € F such that

an # a, by, #by, AnNA,=0, B,NB,=10
for n # k. Prove that the following are equivalent
e X Y are independent.
o P(A,NB,,) =P(A,)P(B,,) holds for all 1 <n < N and all 1 <m < M.

Exercise 4 (4 Points, talk)
Prepare a talk on the construction and uniqueness problem for the conditional
expecation.



