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Probability theory

Exercise Sheet 4

Exercise 1 (4 Points)
The following exercise is about a version of Borel-Cantelli’s lemma: Let (Ω,F ,P)
be a probability space and (An)n∈N ⊂ F with

lim
n→∞

P(An) = 0 and
∞∑
n=1

P (Ac
n ∩ An+1) <∞.

Prove that P (lim supn→∞An) = 0.

Exercise 2 (4 Points)

(a) Show that a family of sets (Ai)i∈I is independent if and only if the family
of random variables (1{Ai})i∈I is.

(b) Let X and Y be independent and exponentially distributed random varia-
bles with parameters θ > 0 and λ > 0, respectively. Prove that

P(X < Y ) =
θ

θ + λ
.

Exercise 3 (4 Points)
Let (Ω,F ,P) be a probability space and letX =

∑N
n=1 an1An and Y =

∑M
m=1 bm1Bm

with an, bn ≥ 0 and An, Bm ∈ F such that

an 6= ak, bn 6= bk, An ∩ Ak = ∅, Bn ∩Bk = ∅

for n 6= k. Prove that the following are equivalent

• X, Y are independent.

• P(An ∩Bm) = P(An)P(Bm) holds for all 1 ≤ n ≤ N and all 1 ≤ m ≤M .

Exercise 4 (4 Points, talk)
Prepare a talk on the construction and uniqueness problem for the conditional
expecation.
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